These notes are defining the notion of centric linking system for a locally finite group If a locally finite group G has countable Sylow p-subgroups, we prove that, with a countable condition on the set of intersections, the p-completion of its classifying space is homotopy equivalent to the p-completion of the nerve of its centric linking system.
Definition 1.1 Let G be a group let S ≤ G be a p-subgroup. We say that S is a Sylow p-subgroup of G if (i) S is maximal in the poset of p-subgroups of G.
(ii) every p-subgroup of G is conjugate to a subgroup of S; and We denote by Syl p (G) the set of all Sylow p-subgroups of G. Lemma 1.2 Let G be a group with Syl p (G) = ∅.
(a) Any two elements in Syl p (G) are conjugate.
(b) Let S be a p-subgroup of G maximal in the poset of p-subgroups of G, then S ∈ Syl p (G).
Proof Let S be a p-subgroup of G maximal in poset of p-subgroups of G and S ′ ∈ Syl p (G). Since S ′ is a Sylow p-subgroup of G, there is g ∈ G such that S g ≤ S ′ . Assume that S g < S ′ . Then (S ′ ) g −1 is a p-subgroup of G which contains strictly S and this contradicts the maximality of S. Thus S g = S ′ and this prove (a) and (b).
For G a group such that Syl p (G) is non-empty, we denote by Ω p (G) the collection of all subgroups of G which are intersections of Sylow p-subgroups of G. Since Syl p (G) is closed by conjugation in G, Ω p (G) is also closed by conjugation in G. If S ∈ Syl p (G) we will also define Ω S (G) = S ∩ Ω p (G) the collection of subgroups of S which are in Ω p (G). Definition 1.3 Let G be a group with Syl p (G) = ∅. For P a p-subgroup of G we define P • ∈ Ω p (G) as the intersection of all Sylow p-subgroups of G containing P.
For G a group and P, Q two subgroups of G we denote by N G (P, Q) the set of elements of g ∈ G such that P g ≤ Q.
Proposition 1.4 Let G be a group with Syl p (G) = ∅ and P, Q be two p-subgroups of G.
Proof (a) follows from the definition of (−) • . (b) is a direct consequence of the definition of Ω p (G). To prove (c) let g ∈ N G (P, Q). By a direct calculation we have (P • ) g = (P g ) • . Thus, by (a),
Finally, (d) follows from (a) and (c).
Centric linking systems
In this section, we will mostly work with locally finite groups even though some definitions make sens for any group or at least torsion groups.
For G a locally finite group, we denote by T p (G) the transporter system of G, this is the category with set of objects the collection of p-subgroups of G and for morphisms
Definition 2.1 Let G be a locally finite group. A p-subgroup P ≤ G is p-centric if C G (P)/Z(P) has no element of order prime to p. We denote by
will denote the full subcategory of T p (G) with set of objects the collection of p-centric subgroups of G.
For G a locally finite group, we define O p (G) G the subgroup of G generated by all elements of order prime to p.
Lemma 2.2 Let G be a locally finite group and P a p-subgroup of G. The following are equivalent.
Proof the proof is the same as in [BLO3, Proposition 8.5 ].
Definition 2.3 Let G be a locally finite group. The centric linking system of G is the category L c p (G) whose set of objects is the collection of all the p-centric subgroups of G, and where
with objects the subgroups of S which are p-centrics is called the centric linking system of G over S.
Lemma 2.4 Let Ψ : C → C ′ be a functor between small categories. Assume the following:
(i) Ψ is bijective on isomorphism classes of objects and is surjective on morphism sets;
(ii) for each object c ∈ C , the subgroup
is a p-group ; and (iii) for each pair of objects c and d, and each f ,
is an F p -homology equivalence, and hence induces a homotopy equivalence between the p-completions. In particular, when G is locally finite, the canonical projection functor T c p (G) → L c p (G) satisfies all of the hypotheses of Lemma 2.4, Hence, the induced map give an homotopy equivalence
Higher limits over orbit categories Definition 3.1 Let G be a group and H a collection of subgroups of G. The orbit category of G over H is the category O H (G) with set of objects H and morphisms Lemma 3.2 Let G be a group with Syl p (G) = ∅. The two functors
Proof This is a direct consequence of Proposition 1.4.
For G a group we denote by S p (G) the collection of all p-subgroups of G,
Lemma 3.3 (cf. [BLO3, Lemma 5.10]) Let G be a group and P be a p-subgroup of G. Let Φ : O p (G) op → Ab be a functor such that Φ(P) = 0 except when
Proof This is a direct application of [BLO3, Proposition 5.3] 
[G]-module and the kernel of the action of G on M contains an element of order p.
Proof The proof is exactly the same as the proof of [BLO3, Proposition 5.12 ]. Indeed, they prove the result for S discrete p-toral group but the only property of discrete p-toral groups they used is that S is a increasing union of finite groups, which is also true for countable locally finite groups.
Lemma 3.5 ([BLO3, Lemma 5.11]) Let C be a small category and let C 1 ⊆ C 2 ⊆ · · · be an increasing sequence of subcategories of C whose union is C . Let F : C op → Ab be a functor such that for each k,
Then the restrictions induce an isomorphism
Lemma 3.6 let G be a group. let H ⊆ H ′ be collections of p-subgroups of G closed by conjugations such that for all P, Q ∈ H, if P ∈ H ′ and P ≤ Q then Q ∈ H ′ .
Let F : O H (G) op → Ab be a functor and denote by
Proof The proof is exactly the same as the proof of [O5, Lemma 1.6(a)].
4 p-completion of classifying spaces Theorem 4.1 Let G be a locally finite group with Syl p (G) = ∅ and S ∈ Syl p (G). Assume that S is countable and that Ω p (G) Ω c p (G) contains countably many conjugacy classes of subgroups of G. Then,
Proof The proof is based on the proof of [BLO3, Theorem 8.7 ]. We will write Ω := Ω S (G) and Ω c := Ω c S (G) for short. The first isomorphic holds since the categories L c S (G) and L c p (G) are equivalent. it remains to prove the last isomorphic.
Step 1 Let Ψ and Φ be the following functors from O p (G) to spaces:
Then, for any full subcategory
is the nerve of the category whose object are the cosets gP for all P ∈ Ob(C), and with a unique morphism gP → hQ exactly when P g ≤ Q h . The category O Ω (G) has an initial object (the intersection of all the Sylow p-subgroup of G). Thus hocolim O Ω (G) (Ψ) is contractible. Since the Borel construction is an homotopy colimit, it commutes with other homotopy colimit and we have:
Step 2 For Q ∈ Ω Ω c and i ≥ 0, we define the functor F
contains an element of order p. Hence, by Lemma 3.3 and Lemma 3.4,
Therefore, by Lemma 3.2,
Step
∈ Ω and such that for all P ∈ Ob(O r ) and
By Lemma 3.6, For all r ≥ 0,
and, by (4.0.1) and Lemma 3.6, the higher limits of this functor vanish. Thus
where the last isomorphisms follow by Lemma 3.6. Notice that for all r ≥ 0, F i,r | Or = F i | Or and that (4.0.2) implies that for all r ≥ 0,
Lemma 5.2 Let G is a locally finite group. Assume that (a) each p-subgroups of G is a discrete p-toral group; and (b) G is countable.
Then G satisfies the hypotheses of Theorem 4.1.
Proof By [BLO3, Proposition 1.2] S is artinian. In particular, Ω S (G) is the set of intersection of S and a finite collection of G-conjugates of S. Since G is countable, Ω S (G) is countable and G satisfies the hypotheses of Theorem 4.1.
Moreover, Theorem 4.1 cover also countable locally finite groups which satisfies a condition of "finite dimensionality" which is central in [CG1] . For G a group and H a subgroup of G we denote by Ω fin H (G) the set of finite intersections of G-conjugate of H . Proof S is a Sylow p-subgroup of G by [CG1, Proposition 3.8] apply to the locality (G, ∆, S) for ∆ the collection of all subgroup of S. By (b), it easy to see that Ω fin S (G) and then, since G is coountable by (a), Ω fin S (G) is countable. Hence, G satisfies the hypotheses of Theorem 4.1.
Gonzalez and Chermak proved, using the Chevalet commutator formula, that an algebraic group over the algebraic closure of F p satisfies the hypotheses of 5.3. In particular, any algebraic group over the algebraic closure of F p satisfies the hypotheses of Theorem 4.1.
